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Abstract. The aim of this work is to investigate how energy depends on the two-
body interaction potential in Bose-Einstein condensation (BEC) phenomena. An 
equation of state is obtained which is valid both for low and high energy BEC, 
through the application of a revised form of quantum statistics. An extension of the 
singularity conditions describing the state of BEC is given, in order to consider 
interactions between particles due to a central interatomic potential. From the 
singularity conditions of the corresponding system of hard-sphere bosons and the 
equation for the energy of the system in its ground state, the equation of state 
connecting temperature, density and energy in BEC is deduced, with upper and lower 
limits for the energy depending on the form of the central interaction potential. It is 
shown that high energy mode is allowed in the case of Coulomb type interaction 
only, low energy mode in the case of non-Coulomb type interaction. Numerical 
results are then derived for low energy BEC, occurring in neutral matter, with 
application to He-4 and alkali-metal atoms, and in the case of high energy BEC 
occurring in systems of charged bosons, with application to atomic nuclei. 
 
 
1. Introduction 
The theoretical work following the pioneering experiments with sodium, rubidium and lithium [1- 
3], has enlightened the role played by two-body collisions in Bose-Einstein condensation (BEC), 
above all as far as dilute gas of neutral atoms is concerned in connection with mean field theory 
and Gross-Pitaevskii equation (see [4] for a summary of the quantitative aspects of the theory, 
while a qualitative treatment of the process is reported in [5]). At the same time the opinion that 
Bose Einstein condensation, is to be considered as a unified paradigm to interpret many 
phenomena in condensed matter, atomic and nuclear physics emerged and is now widely diffused 
[6]. The idea to consider the state of matter in the nucleus as Bose-Einstein condensation was 
suggested since 1998 by Kim and Zubarev [7]. Successively the BEC mechanism has been 
applied to the study of a system of identical charged bosons (“Bose” nuclei) confined in ion traps, 
by solving approximately many-body Schrodinger equation, in order to explain low energy 
nuclear reactions in matter [8, 9]. More recently the existence of Bose-Einstein condensate of 
weakly interactingα particles in finite nuclei, has been proposed [10] and it is now intensely 
investigated [11, 12]. This condensate ofα particles in nuclear matter, is considered to be an 
analogue to Bose-Einstein condensate for finite number of dilute bosonic atoms at very low 
temperature, (see [13] and references therein for a comprehensive discussion of this approach). A 
question arises about the differences between the energy range of BEC processes in neutral 
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atoms, which occur at extremely low energies with temperature T ≈ 0 K, and in nuclear matter, 
where charged particles are to be considered and the value of energy is in the order of MeV.      
The aim of the statistical theory we propose in this paper, is to give a unified treatment of two-
body interactions occurring in BEC, which is valid for all density values. As a result of the theory 
a general relation between temperature and density is obtained and the wide range in the energies 
implied by BEC processes is explained simply. The theory is developed within the context of 
uniform Bose gases [14], with no confining potential applied: a new form of quantum statistics, 
the author has recently proposed [15] for the ideal gas, is adopted and modified in order to 
include interactions between bosons. The new quantum statistics for bosons and fermions, we 
denote respectively as BEω   and FDω , to distinguish them from the classical quantum statistics 
of Bose-Einstein (BE) and Fermi-Dirac (FD), are obtained by the minimization of the energy of 
microscopic configurations of the system. While distributions BE and FD are functions of level 
degeneracy )(εg , therefore of all accessible quantum states with energy ε , new distributions 
BEω  and FDω  are functions of )(εω , the number of  quantum states effectively occupied by 
particles at ε  energy. It is to be pointed out that the new form of quantum statistics we adopt 
here, does not mean that the classical ones are wrong: as it is clearly stated in [15], from the 
assumption of the equivalence between the two forms of quantum statistics, a simple and general 
formulation of quantum coherence is obtained. A unified definition of BEC phenomena is 
therefore allowed by the new statistics, both in the case of low density gases and in the case of 
degeneracy, as superfluid He4 and He3 . The new statistics defines BEC as a single state of 
quantum coherence and  gives exact physical conditions in order that such  a state can exist.  
In order to include interactions between particles, we consider an interatomic potential of central 
type γr/1∝ , that is depending only on the distance r between two particles, with positive 
exponent γ , and then we get the singularity conditions of quantum states from BEω  statistics, in 
the more realistic case of a gas with interacting bosons. The mathematical procedure described 
above is equivalent to formulate a quantum statistics for hard-sphere bosons and it leads to an 
exact definition of  the bosons’ diameter )(εa , as a function of the energy ε  in the single state. 
As far as hard-sphere models are concerned in studying fluids consisting of interacting particles, 
there exists a wide literature dealing with the applications of such models by analytical and 
numerical methods, starting since 1950s [16-20]. In this work we use the results of Oden, 
Henderson and Coleman [21], in applying the model first proposed by Barker [22]  in the case of 
classical fluids, to the study of quantum fluids. The simple energy equation obtained from this 
model for a system of rigid spheres in their ground state, and the equation for the single state of 
quantum coherence obtained from BEω  statistics, allow us to derive the theoretical relation 
among temperature, energy and density in a system of bosons in BEC. From this analysis a 
further important result is obtained, as to the way energy varies in BEC processes. From the new 
form of quantum statistics we get an infinite number of accessible single states of quantum 
coherence, in the case of the ideal gas, both at low and high energy. Including interactions in 
BEω  statistics, we can prove that the “direction” of the energy of single states, depends on the 
value of  exponent γ  of interatomic potential: if γ 2>  BEC can occur at “low” energy only; on 
the contrary if γ 1= , corresponding with the Coulomb potential, only the high energy mode is 
allowed. In the following we demonstrate that in the case of interactions between neutral atoms 
the valueγ  = 5 can be assumed. Obviously in the case of interactions between charged bosons, 
like those occurring in nuclear processes, the right value is  γ 1= .  
 
The work is organized as follows. 
 
In Section 2 a brief summary of the main results of BEω  statistics in the case of the ideal gas is 
given. Then the quantum statistics for hard-sphere bosons is developed, introducing interactions 
in  BEω  statistics, and the corresponding singularity conditions determining the physical state of 
BEC, are derived. 
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In Section 3 the general form of the equation of state for a system of N identical bosons in BEC is 
deduced for any value of γ , through the assumptions the system is in thermal equilibrium and in 
its ground state. 
 
In Section 4 a central interatomic potential, depending on atomic dimensions, is proposed for 
neutral atoms with s-type outermost orbitals. This is the case of  He4  and alkali-metal atoms 
used in BEC experiments. The spherical shape of s-type orbitals and the assumption of purely 
electrostatic forces,  are used to derive the interaction potential. The numerical results obtained 
from the theory, are then used to plot the temperature-density relation for these atoms in BEC. 
 
In Section 5 the generalized theory proposed in Section 2 and 3 is applied to the study of the 
condensation into a single state of quantum coherence, of a system of identical charged bosons. In 
particular the condensation of deuterons D (2H nuclei) is considered and the equation of state is 
drawn for the whole range of admissible energy and density. The region of ordinary nuclear 
matter is then considered in details and the connection between the energy ε  of particles in BEC, 
and the binding energy is studied. 
 
Summary and conclusions are reported in Section 6. 
 
2. BEω  statistics for hard-sphere bosons 
In that follows we give a brief summary of the new quantum statistics in the case of the ideal 
Bose gas. A complete treatment of the subject is found in [15]. Then the statistics is extended to 
the case of an interacting gas of hard-sphere bosons. As to Bose-Einstein statistics, following the 
classical treatment in [23], we will use the continuous approximation with degeneracy parameter 
A (instead of chemical potential µ  used in modern notation, kTeA /µ= , k is the Boltzmann 
constant). 
Let us consider a system in thermal equilibrium made up of N identical particles (bosons) with 
mass m. Classical BE distribution establishes that the number n of particles in the same energy 
levelε  (for the sake of brevity in the following we shall use this expression instead of “with 
energy between ε  and ε +dε ”) given by  
    
Ae
Ag
n
−
= βε
ε
ε
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     (1) 
with 10 ≤< A , )(εg is the distribution function of quantum states per unit volume (or the 
density of accessible quantum states with energy ε ), and β  depends on temperature through the 
formula  
    
kT
1
=β  .      
As to the range of possible energy values, all the values in the interval ∞≤≤ ε0  are allowed by 
BE statistics and constant A and number density δn  are then connected through the equation 
(assuming a fixed number of particles): 
    ∫
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From the alternative formulation of BEω  quantum statistics the following equation holds too: 
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where the function )(εω  is defined as the number of quantum states with energy ε  which are 
occupied at least by one particle. In other words the statistics takes into consideration only the 
occupied quantum states, which give some contribution to the energy of the ensemble (obviously 
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all other states have 0)( =εn  since they are not occupied). Therefore it is 1)( ≥εω   by 
definition . 
Assuming the equivalence of BE and BEω  statistics, since both of them give the same 
distribution of particles of a system as function of energy, and from the existence condition 
0)(2 >εω , it is easy to prove that the admissible energy interval is finite Mm εεε ≤≤  , with 
minimum and maximum values given by the intersection points between the function )(εg , 
which we know to have the form 
    εε bg =)(       (4) 
and the exponential function 
    A
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βε
ε ),,(
 .     (5) 
The parameter A measures the level of degeneration and when A = 1 we say the fluid is in 
complete degeneracy conditions. The constant b in (4) is  
    
2/13
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4
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h
b pi=       
where the weight factor M is equal to the total number of possible projections of particle angular 
momentum [24]. 
According to the theory of quantum statistics BEω , the Bose-Einstein condensation corresponds 
with a single state of quantum coherence, that is to say all particles occupy the same quantum 
state with energy ε . Such a state is defined by the triplet ),,( ATε which satisfies the conditions 
    ),,()( ATfg εε =      (6) 
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corresponding with geometrical tangency of curves )(εg and ),,( ATf ε given in (4), (5). In the 
case of bosons the above equations become 
    
εβε be
A
=−11
     (8) 
    
ε
β βε b
e
A 2
1
=
      (9) 
from which the relation between energy and temperature in BEC follows  
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since )2/(1 b <<1. The ratio ρ = ε2/kT  between temperature and energy, has a fundamental role 
in the physics of BEC in the case of interacting gas too. Analogous formulas holds also in the 
case of fermions, except for the key role which is played by the Pauli exclusion principle and by 
the statistical conditions controlling its validity, as reported in [15]. 
In the treatment of quantum statistics given above, the interatomic interaction potential is 
assumed to be zero. To study the dependence of temperature on density in BEC, it is necessary to 
take into consideration the interatomic interaction energy too. In order to derive the equations for 
the single state of quantum coherence in the case of interacting gas, we assume a central two-
body interaction potential of the form 
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    γϕ
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with positiveγ  and constant Φ . This implies a simple modification of function )(εg , density of 
quantum states, just because a particle with energy ε  interacting with another particle, cannot get 
over the potential wall with radius r such that 
      γϕ
r
r
Φ
=)( >ε   
or, in other words, it cannot draw nearer than 
γ
ε
1
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around every particle is inaccessible for other particles with energy ε  or lesser. Hence if N is the 
total number of atoms in the system and V its volume, the resulting volume accessible to quantum 
states with energy ε  is given by 
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and the density )(εg  becomes 
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Since )(εg >0, from (12) we get a necessary and sufficient condition in order that accessibile 
quantum states can exist 
    
3)
3
4(
γ
δpiε n⋅Φ>  .     (13) 
The central potential hypothesis (11) therefore is equivalent to consider the particles of the system 
as interacting hard-sphere bosons, with diameter )(εa  depending on energy as follows 
    )(εa = γ
ε
1
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 Φ
.      (14) 
In the quantum statistical theory we propose in this work, the quantity )(εa defined in (14) is 
used instead of the s-wave scattering length, usually assumed in current theories as diameter of 
hard-sphere bosons.   
Let us now apply BEω  statistics to this system and find the BEC conditions, through the 
equations for the single state of quantum coherence (6) and (7), where )(εg  is now defined by 
(12) and ),,( ATf ε  is the same function (5) as in the case of non-interacting gas. These 
conditions are represented in figure 1 Note the shift in the energy of function g, in the case of 
interacting gas, due to condition (13).  
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Figure 1 –  The functions f and g, for the ideal and the 
interacting gas. For this one the geometrical conditions 
defining the state of BEC, according to BEω  theory, is 
represented (arbitrary units). 
 
First of all we have to note that the conclusions about the admissible energy interval for quantum 
states remain unchanged: it is finite, Mm εεε ≤≤  , with minimum and maximum values given by 
the intersection points between the functions (5) and (12) defined above. As to the singularity 
conditions, instead of (8) and (9) we get 
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Let us define  
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from (15b) and substituting it in (15a) we get as to the ratio between temperature and energy 
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From (19) it follows (assuming density remains finite) 
    
ρ
ε ∞→
lim = 1      (20) 
as in the case of the ideal gas (see (10)). Therefore at high energy the physical conditions of BEC 
in the real gas and in the ideal gas becomes similar. Since in all cases of physical interest it is 
1)1(/1 0 <<+ wnb ε , from (19) we can assume  
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and the corresponding inverse equation  
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Equation (21) (and its companion (22)), which follows  from the singularity conditions (15a-b), is 
the fundamental equation governing the physical parameters (temperature, density and energy) of 
a system of free particles in BEC. Note that the quantity 0n  defined in (16), measures the volume 
fraction occupied by interacting particles and the following upper limit holds by definition: 
0n 1≤ (which is the same as (13)). The value of ρ  controls the level of dilution of the fluid: if 
1≈ρ , then 00 ≈n , which is the same as the condition 13 <<anδ , and the dilute gas (or weakly 
interacting) hypothesis [4]  holds; on the contrary if 0≈ρ , then 10 ≈n , and the fluid is a high 
density fluid. The statistical theory then applies both to dilute gases and high density fluids. 
From (21) it follows that the temperature of the condensate is T = 0 when 0n = 1, even if the 
quantum energyε of particles is not zero. This is because T is the temperature of hard spheres 
with diameter a, hence it is a measure of their relative movement or shaking (see figure 2). 
 
Figure 2 –  A geometrical representation of the 
connection between temperature T, volume 
fraction n0 occupied by hard spheres, and 
quantum energy ε  in BEC. 
 
3. The general form of the equation of state for a system of hard-sphere bosons in its ground 
state 
In order to derive the equation of state of the system in BEC, together with (21) we need an 
independent expression for the energy of bosons. This is obtained assuming the system is in its 
ground state. Many methods have been developed to handle the problem of many-body quantum 
system, where interacting particles are considered as hard-sphere bosons, which are based both on 
numerical solution of the Schrodinger equation, with the equivalent set of boundary conditions, 
and on theoretical treatments. As to the former approach an early work on the subject can be 
found in [18], as to the latter one see [19, 20]. Up-to-date references about the problem of the 
ground energy of a quantum system of hard-sphere bosons, can be found in [25] and in  the 
already mentioned reference [8] for the case of charged bosons.  
In that follows we use the results given in [21], in conjuction with equations (14) and (21) derived 
from BEω  statistics. The main reason why we use this model is it gives a simple expression for 
the ground energy of hard sphere bosons, due to the hypothesis of separation of the motion of 
particles into two components (the so-called tunnel model first proposed by Barker [22]). A brief 
comparison of the results obtained by this model with those derived by other methods, is reported 
in [26].  
T = 0 
n0 = 1 
0>ε  
T > 0 
n0 < 1 
0>ε  
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We can resume the basic assumptions of the model (see [26, 21] and references therein) as:  
- a fluid is regarded as being composed of rows of molecules, which move along lines (or 
“tunnels”), which are bounded by neighboring rows of molecules; 
- the motions of the molecules along and across the tunnels are separable and, to a good 
approximation, one-dimensional. 
Then the energy of a particle in the ground state is given by two separate components 
   2ε = 2
2
)(8
586.0
arm
h
−
    (23) 
and 
   1ε = 2
2
)(24 alm
h
−
.    (24) 
 
The term 2ε  is the lowest energy level of a particle in a two-dimensional spherical square well of 
radius (r-a), and it corresponds with the transverse motion of the particle across the plane section 
of the tunnel; the term 1ε  is due to the one-dimensional motion of the particle in the tunnel. As 
for the geometrical dimensions, a is the diameter of  the hard-spere bosons, r is the distance 
between the centers of neighboring rows and l is the mean spacing between particles along the 
same line. Density is connected with r and l through the relation 
   δn = 2
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which becomes 
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since in order that the energy of the system is minimum, r and l are virtually equal. From (25) by 
simple algebraic manipulations we get  
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with 0n  defined in (16). 
Depending on the way the particle moves in the tunnel, or the velocity modes, the energy can 
assume two distinct values: 
   ε = 2ε + 1ε      (28) 
in the case of three-dimensional motion, across the plane section and along the walls of the 
tunnel; 
   ε = 1ε       (29) 
in the case of one-dimensional motion, along the walls of the tunnel only. 
We can then assume the following general expression for ε  
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where C is equal to 
   C = C2= 0.1149    (31) 
in the case (28) or 
   C = C1=
24
1
     (32) 
in the case (29). 
A general relation between temperature and density in BEC through energy ε , can now be 
derived from the theory developed above. From (30) and (14) remembering the definition of 0n  
in (16), we get 
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and by substituting this in (21) 
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In Section 4 and 5  the value of Φ will be determined in the case of BEC of neutral alkali atoms 
and the case of charged bosons 2H (deuterons) and a graph of the function )( δnT is given. 
 
Another important theoretical result can be deduced from the singularity conditions of BEω  
statistics applied to a system of hard-sphere bosons in its ground state. New quantum statistics 
allow an infinite number of single states of quantum coherence to exist, which are solutions of (8) 
and (9), both at low and high energy. On the contrary the theory developed before for interacting 
gas, discriminates between low and high energy states depending on the exponent γ  of central 
potential (11). To see this let us rewrite the condition (13) as  
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hence, by considering the above limitation in (33) we get 
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Therefore if 2>γ  we get 
10 
  
2
2
3
1
2
2
22
1
33
2
1
−
−
−










−




Φ






=<
γ
γ
γ
γ
γ
pi
εε
m
Ch
M  (36) 
 
hence the energy of particles in BEC is smaller than a maximum value Mε  given by (36).  
If 1=γ  (which is the case of Coulomb potential) we get 
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or the energy is higher than a minimum value mε  given by (37). 
In the next section we derive an expression for the interatomic potential (11), which is suited for 
neutral alkali-metal atoms and helium. The resulting value for γ  is 5=γ ; therefore the 
“direction” of BEC states is toward the low energy region. On the contrary in the case of BEC of 
charged bosons, interacting through Colounb potential, obviously it is 1=γ  and only high 
energy BEC is allowed. The differences obtained in the energy is considerable: the calculations in 
the next two sections show Mε  varies from 3.0x10
-15
 erg to 3.0x10-20 erg in the case of “cold” 
BEC of  4He and 87Rb respectively, depending on atomic dimensions, while mε  is about 0.01 
Mev (1.60x10-8 erg) in the case of “hot” BEC of charged bosons (deuterons).   
 
4. Low energy BEC: the case of helium and alkali-metal atoms 
In this section we propose a method to calculate the interaction potential )(rϕ  for neutral alkali-
metal atoms and helium, which is consistent with known atomic and electron structure of these 
elements. The principal aim of the section is to determine exactly the constants Φ  and γ  in order 
to give a numerical evaluation of the functions derived in Section 3.  
In previous works on the subject based on variational and numerical methods, the Lennard-Jones 
potential is generally assumed as interaction potential (see for example [18]) 
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since it is able to represent attractive and repulsive interactions, depending on the ratio r/σ . At 
low temperature the effect of the interaction potential in a two-body collision, can be described by 
the s-wave scattering length a [14]. This effect depends on the sign of a: if a>0 the potential is 
repulsive, on the contrary if a<0 the potential is attractive. In the case of Na23  and Rb87  a 
repulsive potential with positive a is generally accepted [27, 28], while in the case of Li7  the 
literature reports different evaluations of the sign of the scattering length, depending on 
experimental conditions and hyperfine states involved in the two-body collisions [29, 30, 31]. 
Since we are interested only in determining the effects of interatomic interactions on the density 
function of quantum states (12), hence in the volume reduction due to such interactions, we will 
assume these ones as repulsive and caused by electrostatic charges of electrons and nuclei. 
Nowadays, after sodium, rubidium and lithium, all alkali elements [32, 33], hydrogen [34], 
metastable helium [35, 36], ytterbium [37] and chromium [38] have been added in the Bose-
Einstein condensation list. It is noteworthy that the outermost electron orbital of all the elements 
cited above is an s-type (spherical) electron orbital, with one or two electrons. In the following 
this feature will be used to derive a simple expression for the interatomic potential in the case of 
11 
such atoms. In order to calculate the interatomic potential (11) due to electrostatic interactions, 
we will consider only the effects of  negative electronic charges in s-type orbitals and of the 
corresponding positive charges in the nuclei. Obviously these ones are all the existing charges in 
the case of helium, while in the case of alkali atoms we will assume the effects of the electrons in 
the inner orbitals and of the corresponding protons in the nuclei are negligible. Therefore the 
atomic model we adopt to calculate the electrostatic potential is composed of a positive point 
charge +xe in its nucleus and a negative point charge –xe at any position on a sphere with centre 
in the nucleus and radius d (the s-type outermost orbital). As for the value of x it is obviously x=2 
in the case of helium and x=1 in the case of alkali-metal atoms. We use the concept of atomic 
radius as was first pointed out by Slater [39]: the distance from the nucleus of the principal 
maximum of the radial charge density distribution function of the outermost orbital. An updated 
discussion of the subject together with calculations of absolute radii of atoms and ions is given in 
[40]. Assuming the atomic model we have described above, if r is the distance between two 
nuclei of interacting atoms, e is the elementary charge in electrostatic units of cgs system 
(e=4.80320x10-10), it is easy to calculate the mean interatomic potential as  
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  (38) 
 
where )3/1( 22 rdr +  is the average distance between an electron of the s-type orbital of the first 
atom and the nucleus of the second atom, )3/21( 22 rdr +  is the average distance between two 
electrons belonging to different s-type orbitals.  
Since 1)/( 22 <<rd  , by the approximate formula 21 1)1( qqq +−≈+ − , which is valid for 
1<<q , with =q 22 3/ rd  and =q 22 3/2 rd , from (38) we finally get  
   
22
5
4
9
2)( ex
r
d
r =ϕ  .    (39) 
 
Comparing (39) with (11), in the case of neutral atoms with outermost s-type orbital containing x 
electrons, we get the values 5=γ  and  
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2
exd=Φ .     (40) 
Since the exponent is 2>γ , in the case of He4  and other bosonic alkali-metal atoms, Bose-
Einstein condensation occurs at low energy level Mεε <  with Mε  given by (36).  
We can now try a numerical evaluation of functions (33) and (34) obtaining by this way the 
relation )( δnTT =  between the temperature and the number density of the condensate. As for 
the atomic radii, we use the values of table 1, which are drawn from [40]. 
  
Table 1.  Absolute Atomic Radii (see [40]). 
 
 
 
 
 
 
 
 
 
Atom Atomic Radii d  
(
o
A ) 
Li-7 1.6282 
Na-23 2.1649 
Rb-87 4.8106 
He-4 0.3113 
12 
The results of this procedure are given in the following figures 3-7, where the graph of the 
function )( δnTT =  is plotted for variuos atomic species and taking care of both energy and 
velocity modes (28) and (29), which correspond with parameters C2 and C1 defined in (31) and 
(32) respectively. In figures 3 and 4 the graph of the function is given on the whole scale of 
density in the case of He4 and 87Rb, while in figures 5-7 the graph is plotted only for low density 
values and in the case of alkali-metal atoms.   
In order to give a numerical example, the calculated values of some parameters interesting BEC 
are reported in table 2. They are evaluated in points ( δn ,T ) chosen of the same order of the ones 
reported in current literature (besides the already mentioned references [1-3], see [5] and [41] for 
a survey of experimental work and observations and [42] for up-to-date and accurate 
measurements of the critical temperature T of a dilute gas of  87Rb atoms), and with the known 
lambda-point of He4 (density about 1.88x1022 cm-3 at a temperature of 2.17 K).  
 
 Table 2.  Calculated values of  BEC parameters  for bosonic alkali atoms and He-4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In the column of atomic species the velocity mode which best fits to the experimental data is also 
indicated (C2 is for (28) and C1 for (29)). The statistical theory here proposed does not allow us 
to decide what kind of mode is realized in the BEC of alkali-metal atoms in the low density 
range, while in the case of  He4  the only possible mode is (28) or C2, since the maximum  
energy  in the case C1, Mε = 5.56 x10
-16
 erg as follows from (36), is lower than the energy 
calculated for superfluid helium. Note that in the case of alkali atoms the value of 1≈ρ  is very 
different from the one for helium, 0≈ρ , since in the former case the dilute gas hypothesis holds 
( 13 <<anδ , 00 ≈n , remember (22)), while in the latter one we have the case of a high density 
fluid ( 222.03 =anδ , 10 ≈n ).  
The values obtained in the case of  superfluid He4 , a = 2.38
o
A , 3anδ = 0.222, are in good 
agreement with those reported in the studies on the subject, based on Monte Carlo simulations 
[43]. These values with the one of the corresponding energy, ε = 2.50 x10-15 erg or Hε = 8.47 in 
units 22 / mah , are very close to data obtained in [18] as result of the Monte Carlo integration of 
the Schrodinger equation, for a system of 256 particles and phonon correction in order to consider 
an infinite system ( 3anδ = 0.244, Hε = 8.50). 
 
Atom 
(mode) 
ρ  a 
(
o
A ) 
3anδ  δn   
(cm-3)  
T 
(K) 
ε  
(erg) 
Mε  
(erg) 
Li-7 
(C1) 
0.999 
 
270 
 
4.13 
x10-5 
2.10 
x1012 
3.62 
x10-7 
2.50 
x10-23 
1.46 
x10-20 
Na-23 
(C1) 
0.991 
 
237 
 
1.85 
x10-3 
1.39 
x1014 
2.15 
x10-6 
1.50 
x10-22 
4.32 
x10-19 
 
Rb-87 
(C2) 
 
0.991 
772 
 
1.78 
x10-3 
3.86 
x1012 
1.43 
x10-7 
1.00 
x10-23 
3.03 
x10-20 
 
He-4 
(C2) 
0.057 
 
2.38 
 
0.222 
 
1.64 
x1022 
2.07 
 
2.50 
x10-15 
3.01 
x10-15 
13 
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 Figure 3 – BEC Temperature/Density functions for 4He. The 
whole range of admissible temperature and density values is 
plotted.  
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Figure 4 – BEC Temperature/Density functions for 87Rb. The 
whole range of admissible temperature and density values is 
plotted. 
 
In the following figures we report the graphs of the equation of state for three atomic species in 
the low density region, which is the most experimentally investigated. A comparison with precise 
experimental data for this range of density (see [42] for rubidium), is outside the aim of this 
article and it will be presented in a subsequent work on the subject. 
In the end we want to note that assuming the accepted values given in table 1 for atomic radii of 
different species, the calculated values of temperature and density in BEC obtained from the 
theory, are in agreement with those observed. Hence the theory gives an independent estimate of 
atomic radii. 
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Figure 5 – BEC Temperature/Density functions for 7Li at 
low density.  
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Figure 6 – BEC Temperature/Density functions for 23Na at 
low density.   
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Figure 7 – BEC Temperature/Density functions for 87Rb at     
low density. 
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5. High energy BEC: the case of charged bosons in nuclear matter and the role of binding 
energy 
In the following we consider a system of identical charged bosons in vacuum interacting through 
a central Coulomb potential 
221)( ex
r
r =ϕ      (41) 
(e is the elementary charge in electrostatic units of cgs system and xe , x integer, is the positive 
point charge of the boson), hence the values of  γ  in (11) and w in (17) are given by 1=γ  and 
w=5. Adopting these definitions, from the generalized theory proposed in Section 2 and 3 in the 
case of deuterons (x=1), we derive the values mε =  0.0105 and mε =  0.0290 MeV  for the 
minimum energy and velocity mode (28) and (29) respectively. In order to calculate the equation 
of state of deuterons in BEC, we have to take into consideration another important assumption 
about energy. When the two body interaction between bosons is of Coulomb type, it is known 
from equation (37) that only high energy BEC is possible. In other words the kinetic energy of 
interacting particles, must be large enough to win the repulsive Coulomb barrier and to get the 
right density value in order that BEC can occur. On the other hand the binding energy which is 
responsible for holding them tightly together in BEC state, must be equivalently large and the 
mass reduction due to this binding energy is no longer negligible: we have then assumed the 
binding energy between deuterons is equal to the energy ε  of particles in equations (33) and (34) 
(this assumption will be justified below in Appendix A). Therefore in performing the calculations 
about deuterons in BEC, according to the relativistic equation E=mc2, stating the equivalence 
between energy E and mass m (c is the velocity of light), we have to consider a reduced mass 
2
0 / cmm ε−= , where 0m  is the rest mass of deuteron, in equations (33) and (34). 
The resulting equation of state of deuterons in BEC is plotted in figure 8, for the whole range of 
admissible density and temperature values. The labels C2 and C1 still indicate the data obtained 
from equations (33) and (34) when the parameter C is given by (31) and (32) respectively. In 
abscissa the number density of nucleons (protons and neutrons) is reported, which is obtained 
simply by multiplying by 2 the number density of deuterons given by (33). Note that energy 
varies between mε ≤ ε <
2
0cm  and when ε =
2
0cm , the limiting values for density and 
temperature are δn = 0, T =2
2
0cm /k, the parameter ρ  defined in (18) is ρ =1, as stated by (20) 
and (21). The BEC equation of state for deuterons in figure 8 describes the trajectory of the 
condensate through the phases of  nuclear and hadronic matter (commonly referred to as nuclear 
equation of state), as presently depicted in current theories [44]. It doesn’t mean that all the states 
of deuterons in BEC can exist, in particular the states above the deconfinement region between 
hadronic matter and quark-gluon plasma, which, according to [45, 46], is drawn starting at the 
temperature of 165–195 MeV for low baryon number content (or zero chemical potential) and 
then decreasing when the density becomes higher. The aim of figure 8 is to point out the 
important features of the equation of state: when energy varies in [ mε , 20cm ) temperature and 
nucleon density remain finite, ranging from T = 0 K, δn = 1.853 x10
32
÷ 3.886 x1033 cm-3 (for C2 
and C1 mode respectively) to the limiting values T = 3756 Mev (or 4.35 x1013 K), δn = 0 as ε  
approaches  20cm . Density reaches its maximum value about 2.54 x10
40
 ÷ 1.15 x1041 cm-3 when 
T = 1881 Mev (2.18 x1013 K).  
The states at low temperature T = 0 ÷ 500 K and minimum energy mε , corresponding with a 
value of ρ ≈ 0, have a nucleon number density practically constant equal to δn  = 1.853 x1032 
16 
cm-3 for C2 mode ( δn  = 3.887 x1033 cm-3 for C1), which is the lowest value compatible with 
minimum energy BEC of bare deuterons in vacuum2.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8 – BEC Temperature/Density functions for deuterons. In 
abscissa the number density of nucleons is reported (2 times the 
density of deuterons). The  ONM label points out the ordinary 
nuclear matter region.  
 
As we have said in the Introduction, Bose-Einstein condensation is now widely studied also as 
far as ordinary nuclear matter is concerned (see references in Section 1). The region 
corresponding with the ordinary nuclear matter (density about 1038 nucleons cm-3), is pointed 
out by the label ONM in figure 8. In the simple high energy BEC model we present in this 
work, stable nuclei are considered as built from deuterons 2H, assuming the particle energy ε  is 
equal to the binding energy of each interacting deuteron too, and b=ε /2 is the binding energy 
per nucleon usually considered in the literature about the subject. In figure 9 the relation 
between density and binding energy b, given by the BEC model based upon equation (33), is 
plotted (C2 parameter (31) is used). Nuclear density is expressed through the parameter r0 
which is used to calculate the nuclear radius as R = r0A1/3 (A is the mass number). Strictly 
speaking,  the model is suitable for nuclei having the same numer of protons and neutrons only: 
the points corresponding with some nuclei of this type are plotted in figure 9 (see [47] for the 
binding energy b). It is noteworthy  that, in despite of model simplicity, the values obtained for 
r0 are in good agreement with those derived from scattering experiments [48], therefore the 
method is suitable to give an independent theoretical estimate of nuclear radii. 
 
                                                 
2
 This value is strongly dependent on the constant Φ = 2e in (41). Assuming the deuterons are in a 
medium with some electron screening effect of the Coulomb potential, hence with constant Φ << 2e in 
(41), the equation of state predicts much lower values for the number density in low temperature BEC 
states. These are consistent with the ones observed in some experiments with low energy reactions of 
deuterons in metal targets (see [49, 50] and references therein), where an enhancement of the reaction 
cross-section is registered with decreasing energy. 
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Figure 9 – Binding energy/Density function for BEC model 
of stable nuclei built from deuterons. Density is expressed 
through r0, linking nuclear radius R and  mass number A 
(R=r0A1/3). The points corresponding with some nuclei 
having the same number of protons and neutrons are 
reported.    
6. Summary and conclusions 
Given a system of identical bosons interacting each other through a central potential of the type 
γϕ rr /1)( ∝ , we derived the general equation of state for the system in Bose-Einstein 
condensation, assumed it is in its ground state, and demonstrate that the energy (and temperature) 
of particles in BEC, depends on the value of γ . If 2>γ  only low energy/temperature BEC is 
allowed; on the contrary if  1=γ  (which is the case of charged bosons), only high 
energy/temperature BEC can occur. Numerical results from the equation of state are given, in the 
case of  4He and alkali metals atoms, for which a suitable model of two-body interaction potential 
is proposed with 5=γ , involving the atomic radii too, and in the case of charged deuterons in 
stable nuclei. In this case the effect of binding energy between bosons in BEC is not negligible, 
and it is considered in connection with the energy of particles and nuclear dimensions. The theory 
gives an independent theoretical estimate of atomic and nuclear radii depending on temperature 
and density of BEC. 
 
Appendix A 
In the following we briefly investigate the conditions in order that the assumption, we have made 
in Section 5, about the equality of the binding energy and the kinetic energy ε  of deuterons 
within the nucleus, can hold. 
Let us consider a nucleus in its ground state, with atomic number Z and mass number A=2Z. The 
nucleus can be thought as composed of Z deuterons D (or 2H) interacting each other, and we 
assume a central square-well crater like interaction potential, between a single boson D and the 
remaining nucleus with charge (Z-1): 
    )(rV = -V0    as Rr <≤0  (with V0>0) 
    )(rV = rZ /Φ   as  r R≥  (with 2)1( eZZ −=Φ ) 
(r is the radial distance between the boson D and the centre of the nucleus). 
Since V0>0, the interaction is attractive within the nucleus (R can be assumed as the nuclear 
radius) and repulsive outside.  
Given rrur /)()( =ψ the radial part of the wave function of the boson D, the time-independent 
Schrodinger equation for the ground state of the boson is 
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where pi2/h=h and E is the total energy of the particle, which can be written also as  
    ε+−= 0VE . 
Since we are interested only in writing the boundary conditions of the wave functions in  r = R, 
we can assume a stepwise potential function V(r) around R, or 
    )(rV = RZ /Φ   when δ+<≤ RrR  
with 0>δ  and small. Then, looking for a solution of the type 
    )/)(exp()( hryru =  
under the assumptions )(rψ  is defined in r=0 and quadratically integrable as r ∞→ , it is easy to 
get 
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  as δ+<≤ RrR  
with  
    E
R
Z
−
Φ
=β . 
Note that β  is the binding energy of the boson D, since it is the difference between the top of the 
potential barrier V(R) and the total energy of the particle. 
In order that the wave function is continuous in r = R, the following conditions are to be satisfied 
     )()( 21 RuRu =  
    =
dr
rdu )(1
dr
rdu )(2
   as  r=R 
from which equations the relation between the kinetic energy ε  and the binding energy β of the 
particle follows (continuity condition): 
    βεε −=






Rm
h
2
cot . 
Let us indicate with 
    
ε
λ
m
h
2
=         
the De Broglie wavelength of the particle D within the nucleus, then the above equation can be 
rewritten as  
    βλ
pi
ε −=




 R2
cot . 
Put  
    kqR +=λ
2
,   k integer, 
then in order that the continuity condition is satisfied, q must be 1/2<q<1 and it is βε =  if  
q=3/4. 
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